Abstract. In this note, we generalize the weak maximum principle in [4] to the case of complete linear Weingarten hypersurface in Riemannian space form M n+1 (c) (c = 1, 0, −1), and apply it to estimate the norm of the total umbilicity tensor. Furthermore, we will study the linear Weingarten hypersurface in S n+1 (1) with the aid of this weak maximum principle and extend the rigidity results in Li, Suh, Wei [13] and Shu [15] to the case of complete hypersurface.
Introduction
It is well known that many rigidity results have been obtained for hypersurfaces in spheres ( [1, 6, 10, 17] ) and in space form ( [2, 3, 12] ) with constant scalar curvature or with constant mean curvature. As a natural generalization of hypersurface with constant scalar curvature or with constant mean curvature, linear Weingarten hypersurface has been studied in many places ( [5, 8, 9, 11, 13, 15, 16] ). Recall that a hypersurface in a Riemannian space form is said to be linear Weingarten if its normalized scalar curvature R and mean curvature H satisfy R = aH + b for some constants a, b ∈ R. In [13] , Li, Suh and Wei proved the first rigidity result for linear Weingarten hypersurface in S n+1 (1) under the assumption that the hypersurface is compact. Later, Shu [15] extended this rigidity result to the case of complete linear Weingarten hypersurface with two distinct principle curvatures in real space forms. Recently, Aquino, Lima and Velasquez [5] established a new characterization theorem concerning complete linear Weingarten hypersurface immersed in real space forms under the assumption that the mean curvature attains its maximum along hypersurface and an appropriated restriction on the norm of the traceless part of the second fundamental form.
In this paper, we firstly obtain a weak maximum principle (see Lemma 2.9 below) for the operator L defined by (2.4) which can be regarded as a generalization of Corollary 10 in [4] . Then, using this maximum principle, we can extend the rigidity results in [13] and [15] to the case of complete linear Weingarten hypersurface without the assumption of two distinct principle curvatures in M n+1 (c). More precisely, we have the following results.
Theorem 1.1. Let Σ n be a complete, connected, orientable hypersurface isometrically immersed into a unit sphere S n+1 (1) with R = aH + b, where a, b are constants, a ≤ 0 and b ≥ 1. Assume further that 0 < sup Σ |Φ| 2 < +∞ and the mean curvature H does not change sign if
Moreover, if Σ n is L-elliptic, we can apply this weak maximum principle to estimate the norm of the total umbilicity tensor. Theorem 1.2. Let Σ n (n ≥ 3) be a complete, connected, orientable hypersurface isometrically immersed into a Riemannian space form M n+1 (c) with R = aH + b, where a, b are constants and b > max{c, 0}. Then either (I) sup Σ |Φ| 2 = 0 and Σ n is a totally umbilical hypersurface, or
is a positive constant depending on n, c, a, b. Moreover, the equality sup Σ |Φ| 2 = α n,c (a, b) holds and this supremum is attained at some points of Σ n if and only if (1) Σ n is a Clifford torus
We also study the case that Σ n is L-parabolic and obtain a similar theorem as Theorem 1.2 without assuming that the supremum sup Σ |Φ| 2 = α n,c (a, b) is attained on Σ n . 
Preliminaries
Let Σ n be a complete, connected, orientable hypersurface isometrically immersed into a Riemannian space form M n+1 (c) of constant sectional curvature c = 1, 0, −1, and dimensional n+1. From [4] , we obtain that the Gauss equation of Σ n is
where R = aH + b, a, b are constants.
Denote by Φ the totally umbilical tensor of Σ n , which is given by Φ = A−HI, where I is the identity operator on T Σ n . Then, by an easy computation, we have tr(Φ) = 0 and
where the equality |Φ| 2 = 0 holds if and only if Σ n is totally umbilical. Combining (2.1) and (2.2), we have
It is not difficult to prove that P is self-adjoint. Now we define a operator L associated with P acting on any function
where ✷ is the Cheng-Yau's operator in [10] , i.e.,
Thus, L is a second-order differential operator and L is elliptic or parabolic if and only if P is positive definite or non-negative definite.
Lemma 2.1. Let Σ n ֒→ M n+1 (c) be an oriented isometrically immersed hypersurface with R = aH + b, where a, b are constants. Then
Proof. From the Corollary 3.3 in [7] , we have
Lemma 2.2. Let Σ n ֒→ M n+1 (c) be an oriented isometrically immersed hypersurface with R = aH + b, where a, b are constants and b > c. Then L is elliptic.
Proof. From (2.1), we have
and then
Thus the connectedness of Σ n implies that H doesn't change sign if b > c. So we can choose the orientation of Σ n such that H > 0 on Σ n . Let µ i be the eigenvalue of P at every point p ∈ Σ n . Then
. . , n), where λ i (i = 1, 2, . . . , n) are the principle curvatures of Σ n . Since H = 0, we can obtain from (2.1) that
Therefore, for every i,
Observe now that
Lemma 2.4 ([14]
). Let β 1 , β 2 , . . . , β n be real numbers such that
Proof. Taking the covariant derivative on the both sides of (2.6), we obtain
On the other hand, we have
Combining (2.11) and (2.12), we obtain
Lemma 2.6. Let Σ n ֒→ M n+1 (c) be an oriented isometrically immersed hypersurface with R = aH + b, where a, b are constants and b ≥ c. Then
where ϕ a,b (x) (2.14)
Proof. From (2.3), (2.5) and the fact that P is non-negative definite, we have
Since H > 0 as shown in Lemma 2.2, we conclude from (2.10) and (2.15) that 
Since tr(Φ) = 0, then from Lemma 2.4, we obtain
Combining (2.21) and (2.19), we obtain
From (2.3) and by direct computation, we have
which is just (2.13).
Remark 2.7. By an easy computation, we can prove that ϕ a,b (x) is a decreasing function of x for x ≥ 0.
Lemma 2.8 ([4]
). Let (Σ n , , ) be a complete Riemannian manifold, let o be a reference point in Σ n , and let r(p) be the distance function from o. Let h be a symmetric (0, 2) tensor field on Σ n and set ♯ : T * Σ n → T Σ n to denote the musical isomorphism, so that h(X, ·)
♯ is the vector field on Σ n defined by
for every Y ∈ T p Σ n and p ∈ Σ n . Assume that, for some positive continuous function h + defined on [0. + ∞), the tensor h satisfies
for every X ∈ T p Σ n with |X| = 1 and every p ∈ ∂B r , where ∂B r denotes the geodesic ball of radius r centered at o. Set
on the set Ω γ = {p ∈ Σ n : µ(p) > γ} for some γ < µ * . If
By applying Lemma 2.8 to the operator L, we shall obtain the following weak maximum principle for L.
Lemma 2.9. Let Σ n ֒→ M n+1 (c) be an oriented isometrically immersed hypersurface with R = aH + b, where a, b are constants. Assume that
If sup Σ n |Φ| 2 < +∞, then from (2.3), we have sup Σ n H < +∞. Thus
On the other hand, if sup Σ n |Φ| 2 < +∞, then λ
Thus the Ricci curvature of Σ n is bounded from above. 
Then applying Lemma 2.9 to the operator L, we have
Since H > 0 as shown in Lemma 2.2, a ≤ 0 and µ * = sup Σ n |Φ| 2 > 0, we obtain from (3.4) that
Noticing that |A| 2 ≤ 2 √ n − 1 as the assumption shows, we have
Then it follows from (2.6) and Lemma 2.4 that Σ n has two distinct constant principle curvatures and one of which is simple. By the classical result in [4] , we obtain that Σ n is a Clifford torus
Proof of Theorem 1.2.
(1) If sup Σ n |Φ| 2 = 0, i.e., |A| 2 = nH 2 , then Σ n is a totally umbilical hypersurface, and thus (I) holds;
(2) If sup Σ n |Φ| 2 = +∞, then (II) holds trivially; (3) If 0 < sup Σ n |Φ| 2 < +∞, let µ = |Φ| 2 . Lemma 2.6 tells us that
where ϕ a,b (x) is defined by (2.14). Then from Lemma 2.9, we get
Since µ * = sup Σ n µ = sup Σ n |Φ| 2 > 0 and b > c, then from (3.8), we deduce that
Since b > 0, we have ϕ a,b (0) > 0. Also note that ϕ a,b (x) is strictly decreasing for x ≥ 0 and ϕ a,b (x) < 0 if x is sufficiently large. By the continuity of ϕ a,b (x), we may assume the equation ϕ a,b (x) = 0 attains its positive root at α n,c (a, b), where α n,c (a, b) is a positive constant depending on n, c, a, b. Then from (3.9), we must have
Thus we complete the proof of the inequality in (II) of Theorem 1.2. Moreover, the equality sup Σ n |Φ| 2 = α n,c (a, b) > 0 holds if and only if
, we have that L(µ) ≥ 0 on Σ n . Also, from Lemma 2.2, we know L is elliptic. As a result, if this supremum is attained at some point of Σ n , then by the maximum principle, we know µ = |Φ| 2 must be a constant, i.e., |Φ| 2 ≡ α n,c (a, b). Since L is a second-order differential operator, then L(|Φ| 2 ) = 0. Therefore all the inequalities in the proof of Lemma 2.6 become equalities. Then from (2.15) and (2.6), we obtain that H and |A| 2 are constants. In particular, from equality (2.20) and Lemma 2.4, we know that Σ n has two distinct constant principle curvatures and one of which is simple. Thus Σ n is an isoparametric hypersurface. Then, by the classical result in [4] , we deduce that Σ n satisfies the three following standard product embeddings:
(1) Σ n be a Clifford torus S 1 ( √ 1 − r 2 ) × S n−1 (r) ⊂ S n+1 if c = 1; (2) Σ n be circular cylinder R × S n−1 (r) ⊂ R n+1 or R n−1 × S 1 (r) ⊂ R n+1 if c = 0; (3) Σ n be hyperbolic cylinder H n−1 (− √ 1 + r 2 ) × S 1 (r) ⊂ H n+1 or
Proof of Theorem 1.3. First, Theorem 1.3 holds trivially if sup Σ n |Φ| 2 = +∞. So we just need to consider the case of 0 < sup Σ n |Φ| 2 < +∞. From the first part of the proof of Theorem 1.2, we easily obtain that sup Σ n |Φ| 2 ≥ α n,c (a, b). Then from Σ n is L-parabolic, we conclude that |Φ| 2 must be constants and equal to α n,c (a, b). The rest of proof can follow as the proof of Theorem 1.2.
